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Abstract 

We solve a time-dependent linear SPDE with additive Levy noise in 
the mild and weak sense. Existence of a generalized invariant measure 
for the associated transition semigroup is established and the generator is 
characterized on the corresponding L 2 -space. The square field operator is 
calculated, allowing to derive a Poincare and a Harnack inequality. 

1 Introduction 

Recently, there seems to be a growing interest in the study of semilinear non- 
autonomous stochastic evolution equations in infinite dimensional spaces, see 
e.g. [2Q] and the references therein. In the so-called semigroup approach which 
we also pursue in this paper, this is of course closely connected to solving the 
underlying non-autonomous Cauchy problem, covered by the theory of evolution 
semigroups or evolution families, see e.g. [16j. So, let us consider the following 
equation: 

f dX t = (A(t)X t + f(t))dt + B(t)dZ t 

\ X(s) = x 1 > 

on a Hilbert space H, where A t : H — > H are linear operators and all coefficients 
are T-periodic. 

From a mathematical point of view it is natural to study {J) with an additional 
Lipschitz non-linearity, because this case can still be covered if one attacks 
equation ([I]) using contraction methods (e.g. Picard-Lindelof iteration). Our 
main interest, however, in the linear case (TjJ), is to exploit a lot of explicit 
formulae (e.g. for the transition semigroup, which are in fact time-dependent 
versions of generalized Mehler formulae) to get as precise as possible information 
about the solution and the corresponding Kolmogorov equations. Concerning 
the time-dependent (possibly unbounded) operators A t , for simplicity, we only 



1 



F. Knable 



Non- Autonomous Ornstein-Uhlenbeck Equations 



consider the case of a common domain. The general case is technically harder, 
but we expect our results to hold true. This will be the subject of further study. 

For H = R d and Z t a d-dimensional Brownian motion, {J) was studied inten- 
sively in [7]. Inspired by their paper, our work consists primarily in generalizing 
their results to the case H infinite-dimensional and Z t a Levy process. A number 
of our arguments are adapted from [7], although the Levy setting forces us to 
work more heavily with Fourier transforms and the infinite dimensional setting 
requires extra care. Nevertheless, we succeed in proving the following results: 
existence and uniqueness of the solution, explicit calculation of its characteristic 
function, proof of the Chapman-Kolmogorov equations, existence and unique- 
ness of an evolution system of measures, existence and form of the generator 
(including a result on its spectrum), precise form of the square field operator, 
proof of a Poincare and a Harnack inequality. 

In the autonomous case, the semigroups associated to this kind of equation 
are known as the generalized Mehler semigroups mentioned above and they are 
already well understood. Invariant measures are established in [5] and |10j . 
generators are examined in [TTj and the square field operator is identified in 

The paper is organized as follows. In Section [2] we shortly review the Levy- 
Ito decomposition and the Levy-Khinchine representation. In Section [3] we 
develop the necessary theory of integration to give sense to our solution, whose 
existence is established in a rather standard way. Then, in Section 31 we cal- 
culate the Fourier transforms of our solutions and thus determine its transition 
semigroup explicitly, which is a two-parameter semigroup, since the equation is 
non-autonomous. In this case the concept of an invariant measure has to be 
generalized to allow for a whole collection of measures - a so-called evolution 
system of measures- which are invariant in an appropriate sense. We prove the 
existence of such a system under the condition that the A t generate an expo- 
nentially stable semigroup and provided that the Levy symbol is sufficiently 
smooth. In contrast to the Gaussian setting, the construction of limit measures 
is more delicate in our case. 

Then (as usual) we turn the problem into an autonomous one by enlarging 
the state space, allowing for a one-parameter semigroup. Via the evolution 
system of measures and thanks to the periodicity of the coefficients we are able 
to construct a unique invariant measure for this semigroup as in |7J. Thus we 
can introduce the L 2 -space with respect to the invariant measure where the 
semigroup is then shown to be strongly continuous. 

Section[5]is dedicated to an analysis of the generator. We identify an explicit 
domain of uniqueness for the generator and its action on it, thus identifying it 
as an pseudo-differential operator in infinitely many variables. Subsequently, 
in Section El we establish the form of its square field operator which yields a 
generalization to the crucial "integration by parts formula" in [7]- Then we prove 
an estimate for the square field operator, that allows us to obtain a Poincare 
and a Harnack inequality for our semigroup. 

Acknowledgement I wish to thank Prof. Dr. Rockner for introducing me to 
this interesting subject and for many helpful suggestions. 
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2 Levy Processes 

In the following let be if a separable Hilbert space with scalar product (■, ■) := 
(■,-)h and norm || • || := || • \\h- An if- valued stochastic process L adapted to a 
filtration (Tt)t>o is called a Levy process if it has independent and stationary 
increments, is stochastically continuous, and we have P(L — 0) = 1. We say 
that A e B(H) is bounded below if £ A 

We denote by N(t, A) the (random) number of "jumps of size A" up to time t, 
that is N{t, A) := card{0 < s < t\AL s € A} 

If A is bounded below, then N(t, A) is a Poisson process, with intensity M(A), 
where M(A) :=E[N(1,A)}. 



Definition 2.1 A measure M on H with : 



is called a Levy measure. 

Theorem 2.2 (Levy-Ito Decomposition) If L is an H -valued Levy process, 
there is a drift vector b € H , a R-Wiener process Wr on H , such that Wr is 
independent of N t (A) for any A that is bounded below and we have: 



where Nt is the Poisson random measure associated to L, and M the corre- 
sponding Levy measure. 

Proof See e.g. pQ Theorem 4.1 ■ 

Theorem 2.3 (Levy-Khinchine Representation) If L is an H -valued Levy 
process with Levy-Ito decomposition as in \2.2l then its characteristic function 
takes the form: E[e l < Lt <">] = e tx ^ and 



Proof See [H] Theorem 5.7.3 ■ 

Since a measure is characterized by its Fourier transform we will say that a 
measure [i is associated to a triple [b, R, M] if its characteristic exponent has 
the form ©. 

Remark 2.4 Actually the Levy-Khinchine representation holds not only for 
Levy processes but for any infinitely divisible random variable. (See J18\/ for 
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an account of infinite divisibility) Moreover, Levy processes and infinitely divis- 
ible measures can be brought in a one to one correspondence. In particular the 
converse of \2.3\ is true: any function of the form 



is the characteristic function of a measure. 

3 Solving the generalized Ornstein-Uhlenbeck equa- 
tion 

3.1 Stochastic Integration with respect to Levy martin- 
gale measures 

In this subsection we follow [2], where the proofs of all results can be found. 
Let be IZi the ring of all Borel subsets of the unit ball of H which are bounded 
below. 

Definition 3.1 A Levy martingale measure on a Hilbert space H is a set func- 
tion M : R+ x IZi x £1 — » H satisfying: 

• M(0, A) — almost surely for all A € 1Z± 

• M(t, 0) = almost surely 

• almost surely we have:M(t, A U B) = M(t, A) + M(t, B) for all t and all 
disjoint A, B £ IZi 

• M(t, ^4){t>o} is a square-integrable martingale for each A S IZi 

• if A fl B = M(£,v4){ t >o} and M(t, -B){ t > } are orthogonal, that is: 
(M(t, A), M(t, B)} is a real-valued martingale for every A, B £ IZi 

• snp{E[\\M(t,A)\\ 2 ]\Ae B(S n )} < oo for every n£N 

• for every sequence Aj decreasing to the empty set such that Aj C B(S n ) 
for all j we have: linx^oo E[||M(t, A/)l| 2 ] < oo 

• for every s < t and every A 6 IZi we have that M(t,A) — M(s,A) is 
independent of T s 

Proposition 3.2 M{t,A) = J A xN t (dx) is a Levy martingale measure on H 
for every A S 1Z\ . 

Similarly as a Wiener process is characterized by its covariance operator, we 
can describe the covariance structure of a Levy martingale measure by a family 
of operators parametrized by our ring 1Z\. 
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Proposition 3.3 

E[\(M(t,A) 7 v)\ 2 } =t(v,T A v) 

for all t > 0, v £ H A £ TZi, where the operators Ta are given by 
Tav := f A T x vis(dx) and T x v := (x,v)x. 

We will establish only a limited theory of integration, as for our purposes it 
will be sufficient to integrate deterministic operator valued functions. We do 
not even need them to depend on the jump size. The procedure is the same 
as for Brownian motion, so let us introduce the space of our integrands, the 
approximating simple functions, and state how the integral is defined for them. 
For convenience, we set M([s, t],A) := M(t, A) - M(s, A). 

Definition 3.4 Let H' be another real separable Hilbert space. 

Let H 2 := H 2 (T-,T+) be the space of all R : [T_,T+] -> C(H,U) such that R 

is strongly measurable and we have: 



< oo 



\\R\\h> ■=([ [ tr{R{t)T x R*(t))v{dx)d S 

\Jt_ J\\x\\<1 j 

Let S be the space of all R £ Ti 2 such that 

n 

R = ^2Rr X(U,U +1 ]XA 
i=0 

where T_ = to < ti < ■•■ < t n +i = T+ for some n e N, where each Ri G 
C(H,H') and where AeK 

For each R € <S, t € [T+, T_] define the stochastic integral as follows: 

n 

I t (R) := ^ RiM([ti A t, t i+ i At], A) 

i=0 

Proposition 3.5 The space Ti 2 with inner product 

(R,U) := [ + / tr{R{t)T x U*{t))v{dx)ds 

JT- J\\x\\<1 

is a Hilbert space. 

Proposition 3.6 The space S is dense in H 2 . 
Proposition 3.7 We have for any R € S : M[It(R)] = and 

n\\W)\\ 2 ] = f I tr(R(s)T x R*(s))u(dx)ds = \\ X[ T.,t]R(t)\\ 2 n2 

So for t fixed, It : S — > L 2 (fl, J 7 , P; H) is an isometry. 

So we can isometrically extend the operator I t from S to its closure Ti 2 . 
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3.2 Stochastic Convolution 



We want to give meaning to the integral 



Xu,b '■ 




s 



which we will call a stochastic convolution. Here L is a -ff-valued Levy process 
and we have U(t,r) £ C(H), B(r) S C(H) V s < r < t. In anticipation of the 
assumptions in section [4] we will pose the following conditions: 

• sup rSR || J B(r)|| £(H) < oo 

• there is M > 0,w > such that : \\U(t,r)\\ C (H) < Me'^'^ 

• r i ► B{r) is measurable and r i— > U(t, r) is measurable for any fixed t 

Proposition 3.8 If U and B are as above, the stochastic convolution exists in 
the following sense: 



Proof The proof is analogous to the one of Theorem 6 in [2] where U(t, s) — 
S(t — s) for a strongly continuous semigroup S: The first term in ([3]) is well 
defined as a simple Bochner integral, and the second as a finite random sum. 
For the other two terms, it is straightforward to check under our assumptions, 
that the integrands are such that the respective isometries apply. ■ 

3.3 Existence of the Mild Solution 

In the following we will have to deal with a non-autonomous abstract Cauchy 
problem - non-autonomous means we are not in the framework of strongly con- 
tinuous semigroups anymore. This implies in particular, that we have no easy 
characterization of well-posedness in the sense of the Hille-Yosida theorem avail- 
able. There are different, yet technical, approaches (see [15] and the references 
therein for a recent overview), but since this subject is not in the primary in- 
terest of our work, we assume that the problem is well posed. This is closely 
related to the notion of evolution semigroups. Our definition is taken from [4] 

We consider the following non-autonomous generalisation of the Langevin 




(3) 



equation: 



dX t 
X(s) 




(4) 



x 
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where B : M —> C(H) is strongly continuous and bounded in operator norm, 
/ : M — ► H is continuous, L(t) is an if-valued Levy-process and where the A(t) 
are linear operators on H with common domain D(A) and 
A:Mx D (A) — ► i? is such that we can solve the associated non-autonomous 
abstract Cauchy problem 

rfX t = (A{t)X t + f{t))dt 

X(s) = x [b) 
according to the following definitions: 

Definition 3.9 An exponentially bounded evolution family on H is a two pa- 
rameter family {U(t, s)} t > s of bounded linear operators on H such that we have: 

(i) U(s,s)—Id and U(t, s)U(s,r) = U(t,r) whenever r < s < t 

(ii) for each x € H , (t, s) i— > U(t, s)x is continuous on s <t 

(Hi) there is M > and u > such that : \\U{t, s)\\ < Me" u( '- s) , s < t 

Assumption 3.10 There is a unique solution to (J5j) given by an exponentially 
bounded evolution family U (t, s) so that the solution takes the form: 

X t = U{t,s)x + j U(t,r)f(r)dr 

Moreover, we assume that : 

4-U(t,s)x = A(t)U(t,s)x 
dt 

Remark 3.11 Note that in the finite dimensional case, where each At is au- 
tomatically bounded we get the existence of an evolution family that solves ((U, 
under the reasonable assumption that 1 1— » A t is continuous and bounded in the 
operator norm, by solving the following matrix-valued ODE: 

' §U(t,s)=A(t)U(t,s) 
U{s,s) = Id 

Existence and uniqueness are assured since (t, M) i— > A(t)M is globally Lipschitz 
in M. This result even holds in infinite dimensions, see JE/. 

Definition 3.12 Given assumption \3.1vA we call the process: 

X(t,s,x) = U(t,s)x+ j U(t,r)f{r)dr+ f U(t,r)B(r)dL r 

J s J s 

a mild solution for 
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3.4 Existence of the Weak Solution 

We have called the above expression a mild solution, though there is no obvious 
relation to the equation yet. Now, we will show that our candidate solution 
actually solves our equation in the weak sense. The following definition makes 
this precise, but first we need to strengthen our assumption concerning the 
common domain of the A(t) a little: 

Assumption 3.13 We require that the adjoint operators A*(t) also have a com- 
mon domain independent oft which we will denote by D(A*). Furthermore, we 
assume that D(A*) is dense in H and that we have: 

jU*{t, s)y = U*{t,s)A* t y 

for every y S D(A*). 

Definition 3.14 An H-valued process X t is called a weak solution for J4j if 
for every y 6 D(A*) we have: 

(X t ,y) = (x,y) + f (X r ,A* r y)dr + f (f(r),y)dr+ f B*(r)ydL r (6) 

J s J s J s 

Here (B*{r)y)(h) := (B*{r)y,h) so that B*{r)y € C(H,M) and the integral is 
well defined, since 

\\B*yf H2 <(t-s) sup r ||B(r)|| 2 ||y|| 2 £ fc jj w|<1 \\tI e k \\ 2 v{d X ) < oo. 

Theorem 3.15 The mild solution X t from definition \3.12\ is also a weak solu- 
tion for Q. Moreover, it is the only weak solution. 

Proof Analogous to [2] Theorem 7. After some relatively straightforward cal- 
culations the problem is reduced to proving the following equality: 

U{t,r)B(r)dL r ,y^ = J Q U(r,u)B(u)dL u , A* r y^ dr + B*{u)ydL u 

(7) 

and we will do so with the help of two lemmas. 

Proposition 3.16 [stochastic Fubini] Let be (M,SA,fi) a measure space with 
[i finite. By G 2 (M) denote the space of all C(H,H')- valued mappings R on 
[s,t] x M such that (r, m) i— » R(r,m)y is measurable for each y S H and 

II^IIg 2 (m) := Is Im \\R( r T m )Tx \\ 2 ^(dx)fj,(d'm)dr < oo Then we have: 
R(u,m)dL u I n(dm) = I I / R(u,m)fj.(dm) I dL u 

IM \Js J Js \Jm J 

Proof see [2] Theorem 5 
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Lemma 3.17 Let be R £ Ti 2 and y £ H . Then we have: 

R(r)dL r ,y\ = / R*(r)ydL r 



Proof see p] Theorem 4 
Now we are able to finish our proof of 13.151 

U(r,u)B(u)dL Ul A* r y\dr^5^ [ [I B* (u)U* (r,u)A*y dL u I dr 



EE1 /" ( f B*(u)U*{r,u)A* r y dr) dL u = 



B*(u) J ^-U*{r,u)y dr^j dL, 



B*(u)[U*{t,u) - Td]y dL u ^ n /J^ [U(t,u) - Id]B{u)dL u ,y 
U{t,u)B{u)dL u ,y\-IJ^ B(u)dL u ,y 
and that is precisely what we had to show. ■ 

4 Semigroup and Invariant Measure 

Assumption 4.1 From now on, we assume that there exists T > such that 
the coefficients A, f and B in Q are T -periodic. 

Recall that the weak solution for (@]) takes the following form: 

X(t,s,x) = U(t,s)x+ f U(t,r)f(r)dr+ [ U(t,r)B(r)dL r 



As opposed to the Gaussian case we are no longer able to give an easy 
representation of the law of X(t, s, x), but we can calculate its Fourier transform: 

Lemma 4.2 (characteristic function) 

E[cxp (i (h,X(t,s,x)))] = 
exp{i(h,U(t,s)x+ [ U(t,r)f(r)dr\\ exp { [ X(B* (r)U* (t,r)h)dr 



where A is the Levy symbol of L. 

Proof : Straightforward, by using the isometries to approximate the stochastic 
integral by a sum, and then using independence of increments and the Levy- 
Khinchin formula. Details are included in the appendix. ■ 

The following lemma is a straightforward generalization of the standard 
monotone class theorem. 
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Lemma 4.3 (complex monotone classes) Let H be a complex vector space 
of complex-valued bounded functions, that contains the constants and is closed 
under componentwise monotone convergence. Let M. C H. be closed under mul- 
tiplication and complex conjugation. Then, all bounded a (M.)- measurable func- 
tions belong to H. 

The last and the next result in combination will be particularly useful: 

Lemma 4.4 The functions M :— {e^ h,x > ,h G H} form a complex multiplica- 
tive systems that generates the Borel a-algebra of H . 

Proof It is obvious that M. is closed under multiplication and complex conju- 
gation. 

To show that indeed a(A4) = B{H) we make use of the following lemma: (see 
[19] page 108) 

Lemma 4.5 A countable family of real-valued functions on a Polish space X 
separating the points of X already generates the Borel-sigma- algebra of X . 

Our countable family will be {f n ,k{x) '■= sin((!efc, x))}k, n sn C M. where {e^} 
is an orthonormal basis of H . 

Since the sine function is injective in a neighborhood of zero, and the functions 
(^■efc, x)) separate the points of H, so do the f n ^- As real and imaginary parts of 
functions in M, it is clear, that the sigma-algebra generated by them is included 
in <j(M). ■ 

Now we will show that our solution induces a two-parameter semigroup, 
defined as follows: 

Definition 4.6 Whenever f : H — > C is measurable and bounded, define 

P(s,t)f(x) :=E[f(X(t,s,x))] 

P(s,t) will be called the two-parameter semigroup (associated to the solution 
X). 

Lemma 4.7 For f as above, we have the following flow property, i.e. P(s,t) 
satisfies the Chapman-Kolmogorov equations: 

P(r, s)P(s,t)f(x)=P(r,t)f(x) 

Proof We will show the equality for the functions fh(x) = e 1 ^ 1 '^ and extend 
it with the help of 14.31 First note, that by 14.21 we have 



P{s,t)f h (x) = exp ji {h,U{t,s)x+J U{t,r)f(r)dr) + I \(B* (r)U* (t,r)h)dr 
so that: 

P(r, s)P(s, t)f h {x) = E[P(s, t)f h (X(s, r, x)] 

= E[cxp{i (U*(t,s)h,X(s,r, x))}] 

xexpL/h, [ U(t,r)f(r)dr\ + I \{B* (r)U* (t,r)h)dr \ 
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but again [4!2l gives us the Fourier transform of X(s, r, x) this time evaluated at 

U*(t,s)h; 

= exp{i{U*(t,s)h,U(s,r)x)} 

x exp ji (u*(t, s)h, f U(s, q)f(q)dq\ \ exp ii (h, j U(t, r)f(r)dr\ 



xexpjy \(B*(q)U*(s,q)U*(t,s)h)dq\exp^j X(B* (r)U* [t,r)h)dr 

Interchanging U{t, s) with the integral, as it is a bounded operator, making 
use of the semigroup property of U and U* and combining the integrals yields 
the result for exponential /. By monotone convergence, it is easy to see that 
the space of all bounded measurable / for which the flow property holds is a 
complex monotone vectorspace. Hence, the proof is complete. ■ 



Remark 4.8 Note that \4-7\ is equivalent to the Markov property for our solu- 
tion, but in our case its direct proof seems to be even more difficult. 

4.1 Evolution Systems of Measures 

Since our equation is non-autonomous we cannot hope for a single invariant 
measure. What one can still expect in our setting is a so called evolution system 
of measures, a whole family {z/t}t e R of measures such that for all s < t and all 
bounded measurable /: 

P{s,t)f{x)v s {dx)= f f{x)v t {dx) (8) 

To assure the existence of such a system, besides assumption 13.101 we will 
henceforth require the following condition to hold: 

Assumption 4.9 Jjui^j ||a;||M(dx) < oo 

The following well known lemma will give a useful growth condition for the Levy 
symbol that will allow us to construct limit measures. A proof is contained in 
the appendix. 

Lemma 4.10 Every Levy symbol A with a Levy measure M satisfying \4-9\ is 
Frechet differentiable. In particular such a X is locally of linear growth. 



Theorem 4.11 Assume \4-9\ Then, with X the Levy symbol of L, the functions 
v t (h) :=exp\i(h, [ U(t,r)f(r)dr\\ exp { [ X{B* {r)U* (t,r)h}dr l 



are the Fourier transforms of an evolution system of measures. 
This system is T -periodic, that is we have vr+t — Vt for any t. 
Any other T -periodic evolution system of measures, coincides with the above. 
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Proof : To establish T-periodicity, first note, that we have: 

U (t, s) = U(t + T, s + T) for any s < t, which follows easily from its defining 

differential equation and the assumption that A is T-periodic. Hence, we get 

t+T ft ft 

U(t + T,r)f(r)dr = / U(t + T,r + T)f{r + T)dr = / U(t,r)f(r)dr 

-oo J — oo J —oo 

and for the other integral the argument is the same. 

We have to assure that the integrals above exist. Since U is stable and / is 
bounded on all of R (as it is continuous and periodic) we have: 

/* M 
Me-^-^WfUdr = — H/IU 
-oo w 

As A is Frechet differentiable it has locally linear growth, so that with A(0) = 
we have || A(u)|| < C||u|| on the bounded range of the argument for some C > 0. 
So with || -B*|j bounded we can treat the second integral as the first: 

\\{B*{r)U*{t,r)h}\\dr < Csup ||B*(r)|| — llftll < oo (9) 

r LU 

where we have used, that ||{/*|| = \\U\\. 

To show that these functions are indeed Fourier transforms of measures 
we can make use of Levy's continuity theorem in the finite dimensional case. 
We have just proven pointwise convergence of the Fourier transforms of P o 
[X(t, s, x)]^ 1 , and that the limit function is continuous in follows easily by 
dominated convergence. Pointwise convergence under the integral is clear by 
continuity of A, U and B and a majorizing function is found by looking at |(9|) 
again. 

In the infinite dimensional case, however, we cannot apply Levy's continuity 
theorem, because we are unable to prove continuity in the Sazonov topology. 
For a better readability we postpone the somewhat technical alternative to the 
end of this proof, formulated as a claim. 

In order to see that the respective measures constitute an evolution system 
of measures we will check ^ for exponential functions and then extend the 
result via monotone classes. So if we take k(x) — e 1 ^ 1 -^ in ([8]) we get: 

k(x)v t (dx) = v t {h) 

by the very definition of Fourier transformation. 
On the other hand we have by 14.21 

P(s,t)k(x) = exp ji (h, U(t, s)x + U(t,r)f(r)dr^+J^ \{B* (r)U* (t,r)h}dr 
Using the adjoint of U and the fact that Fourier transformation is only with 
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respect to x we obtain by definition of v s : 

P(s,t)k(x)v s (dx) 

u s (U*(t,s)h) expji^/i,^ U(t,r)f(r)dr^ + \{B* (r)U* (t,r)h}dr 



exp{i(U*(t,s)h, U(s,r)f(r)drj + \{B*(r)U*(s,r)U*(t,s)h}dr 

J — oo I J — oo 

xexpii^h,^ U(t,r)f(r)dr^ + \{B* (r)U* (t,r)h}dr 
exp{i(h, { U{t, s)U{s, r)f(r)dr\ + f \{B* (r)U* (t, r)h}dr 

J — oo I J —OO 

xexpfi/h, [ U(t,r)f(r)dr\ + [ \{B* (r)U* (t,r)h}dr 



= exp^i[h,j U{t,r)f{r)drjjexp^J \{B* {r)U* (t,r)h}dr 

but the last line equals vt{h) and that is precisely what we had to show. 

To prove the full assertion we have to show that not only holds for 
functions of the form kh(x) := e*^ 3 ^ , but for any bounded measurable function. 
By [O we can apply 14. 3^ because the bounded and measurable functions for 
which JS]) holds, form a complex monotone vector space: 

for constant functions the equality is trivial and that holds for monotone 
limits is essentially an iterated application of Levy's theorem about monotone 
convergence. Hence, the existence of an evolution system of measures is proved. 

To prove uniqueness, let {v s } be another T-periodic family satisfying ([8]), then 
it follows by periodicity: 

u B (h)= v s (U*(s + T,s)h) 

xexpli/h, [ U{s + T,r)f(r)dr) + [ \{B*(r)U*(s + T,r)h}dr \ 



Using the easy to check relations: 

r s+T /.s 

U(s + T,r)f(r)dr = U(s,r)f(r)dr-U(s + T,s) I U(s,r)f(r)dr 



ps+T 

J \{B*(r)U*{s + T,r)h}dr = 

\{B*(r)U*(s,r)h}dr - I \{B* (r)U* (s + T,r)h}dr 
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we get: 

v„(h) = v 8 (U*(s + T,s)h)expU{h, I U(s,r)f(r)dr) + I X{B*(r)U*(s,r)h}dr 



xexp^i(h,-U(s + T,s) J U(s,r)f(r)dr\ - J \{B* (r)U* (s + T,r)h}dr 



or equivalently: 



v s (h) 



exp < i ( h, 



U(s,r)f(r)dr) > exp 



\{B*(r)U*(s,r)h}dr 



v s {U*(s + T,s)h) 



exp(i(u*(s + T, s)h,J 



U(s, r)f(r)dr 



exp 



\{B*(r)U*(s + T, r)h}dr 



Finding, that the second line is the first, with h replaced by U*(s + T,r)h we 
can iterate, since the relation was valid for all h G H. As \\U*(s +T,r)\\ < 1 
must hold by our stability assumption, all the factors in the second equation 
will tend to 1, so v s must indeed have the desired form. 

Claim: v t is a characteristic function - Hilbert space case 
The general idea is the following. In the Gaussian case, it is known that the 
limit distributions are Gaussian again. In the same manner we take advantage 
of the fact that, in the Levy case, our limit distribution is infinitely divisible. 
We proceed here similarly as in [10] chapter 3. First of all we show that our 
distributions P o X(t, s, x) are infinitely divisible for any t > s,x. By the 
Levy-Khinchine representation it is sufficient to prove that their characteristic 
functions have the form |(2]) for some triple [b,Q,M]. Therefore, we calculate: 



expj^ \{B* r Ul r h)dr 
= exp | jf i(b, B* r Ut r h)dr ~\ J { B * U trh RB* r U* tr h)dr 
+ (j jW<-Kr"> - l-i{x,B* r Ul r h) X{M \<i } M{dx)\ dr 
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e 

H 



For the jump part we have: 

j( x , B ;ui r h) _ 1 _ i^B*U t * r h)x { \ ]x \\<i}M(dx) 

j(u t , rBrX ,h) _ 1 _ ^ Ut>rBr x,h) X{ \\ x \\<i}M{dx) 
+ I _[-X{\\U t . r B r x\\<l} +X{\\u t , r B r x\\<i}]M(dx) 

° Hx ' h) - 1 - h) X{M <i } M o (Ut.rBryHdx) (10) 
i(U t!r B r x,h)[x{\\x\\<i} - X{\\u t . r B r x\\<i}]M(dx) (11) 
Note that lfT0|) is finite because of: (setting C := \\Ut^ r B r \\c(H)) 



e 

H 



H 

e" 



H 



H 



(1 A ||a;|| 2 )M o (Ut, r B r )~ 1 (dx) = / (1 A \\Ut, r B r x\\ 2 )M{dx) 

H J H 

< [ {lAC 2 \\x\\ 2 )M(dx)<C 2 [ (-L A \\x\\ 2 )M(dx) < oo 

and only in that way we can argue that l[TTj) must be finite as well. Thus, we 
obtain: 

expj^ \{B* r Ul r h)dr^ 

= exp ji U t , r B r bdr, h\ - i ^/i, ^ U t , r B r RB*Ul r hdr^ 

J u t, r B r x\x{\\x\\<i} ~ X{\\u t , r B T x\\<i}W(dx)dr,1iA 

so that with: 

• s ) : = f s Ut !r B r bdr-f s f H U t!r B r x[x{\\x\\<i}-X{\\u t , r B r x\\<i}]M(dx)dr 

• Q(t,s) := f* U t , T B r KB*Ul T dr 

• M t , a (A) := £ M o (Ut, r B r )- 1 (A)dr for ^ A 

exp j J g ' A(-B*C/* r /i)rfr| is associated to the triple s), Q(i, s), Mt jS ], where 
Q(t, s) is still symmetric and nonnegative and we have : 

trQ(t, a) = ^(e fe , Q(t, a)e fc ) = ^ / \\^RB* r U* 
k k Js 

\Vrb;u:j 2 < I ||Vi?|^||s;c/* r || 2 < oo 

J s 
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and M ijS is a Levy measure, as we have [since (1 A ||a;|j 2 ) < (||x|| A ||cc|| 2 )]: 



Moreover, we see that we can let s — > — oo and Q(t,—oo) will still be trace 
class as well as will still be a Levy measure, because of the exponential 

stability of U. Since we already know that the Fourier transform as a whole 
converges, convergence of the first part of b(t, — oo) (which is obvious) implies 
convergence of the second part. Hence the limit function is associated to a Levy 
triple and thus the characteristic function of an infinitely divisible measure. ■ 

Remark 4.12 The condition that the Levy symbol is of linear growth is actually 
stronger than necessary. To assure the existence of the integral in J9|) it would be 
even sufficient to have a very weak estimate of the form |A(u)| = 0(\/|M|). But 
we were unable to find any other easy to check conditions to control the growth 
of a Levy symbol around the origin. Moreover, in the infinite dimensional case, 
we have made full use of our assumption. 

4.2 The Invariant Measure v and the Space Ll(v) 

Since we are interested in generators, we have to reduce our equation to the 
autonomous case, so that we obtain a one-parameter semigroup, that we can 
relate to a generator. It will turn out, that we can establish an invariant measure 
for our new semigroup on the extended state space, using our evolution system 
of measures. 

Reduction of non-autonomous problems is a well-known method in the theory 
of ordinary differential equations. (see e.g. (fij ) We recall that the basic idea is 
to enlarge the state space, thus allowing to keep track of the elapsed time. The 
reduced problem then looks: 




<oo by assumption ^. 91 




dX(t) = {A{y{t))X{t) + f(y(t))}dt + B(y(t))dL(t) 



X(0) 
2/(0) 



= x 



= s 



The one-parameter semigroup is then defined as follows: 



P T u{t,x) := P t:t+r u(t + t, -)(x) := (P t ^+rU t +r)(x) 
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meaning that we apply the two-parameter semigroup to u as a function of x 
only. That the family {P T }reR is indeed a semigroup, follows, of course, from 
the semigroup property of {P s ,t}s<t and is a simple calculation: 



Starting from our evolution system of measures, we will establish an invari- 
ant measure for the one-parameter semigroup. On the respective L 2 -space the 
semigroup will then be a contraction. 

From now on we will require the following assumption to hold: 

Assumption 4.13 D(A*) is dense in H and we have U*(t,s)D(A*) C D(A*) 
for all s <t. Moreover, we have ^U*(t, s)x = U*(t, s)A*(t)x for all x E D(A*) 

To obtain our invariant measure we need the following lemma: 

Lemma 4.14 The function F : (t, A) i-> v t {A) t E R, A E B(H) is a kernel. 

Proof It is not hard to see, that t i— ► v t is weakly continuous. A monotone 
class argument then gives the result. ■ 

Now, we introduce the space, on which the semigroup will be strongly continuous 
and the subspace that will be the core for the generator of our semigroup. 

Definition 4.15 As F is a kernel from H to K we can form v := F ® j;dt, a 
measure on H x K. 



M := span c {f : R x H -> C | / = ^{t)e l{xMt)) , where 
$ E C 1 (M, M) and T-periodic, 

h E C^M, H) and T-periodic such that ImhE\ D(A*)} 
K:={R(f)\ fEM} 
That is, K comprises the real parts of the functions in M. . 
Remark 4.16 It is not hard to see that Li is a Hilbert space. 
Lemma 4.17 K is dense in L\(y). 

Proof By a monotone class argument. For the convenience of the reader, 
details can be found in the appendix. ■ 

Remark 4.18 Note that to prove the density of K , h = const is sufficient, but 
we will need the t-dependence of h later to show that K is P T - invariant. 

Proposition 4.19 The measure v is the unique invariant measure for the semi- 
group P T on Ll{v). The semigroup P T is a contraction on L<2(v). 

Proof The proof is analogous to the one in [7]- For the convenience of the 
reader we include it in the appendix. ■ 



(Pa(P T u))(t, X) = Pt,t+aPt+a,t+a+ T u(t + (T + T, -)(x) 
= Pt.t+a+ T u{t + a + T, -)(x) = P T+a u(t, X) 



Ll{v) :={/ :lx H -^R measurable] f(t + T, x) = f(t,x) v - a.e. 
[ \\f\\ 2 (yMdy)<^} 
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5 Generator and Domain of Uniqueness 

In this section we prove that the generator is given by a pseudo-differential 
operator. Compared to the Gaussian case, we have an additional nonlocal part. 
However, we still obtain a result on the spectrum of the generator, exactly as 
in the Gaussian case. 

Proposition 5.1 (strong continuity) P T is strongly continuous on L*(v) 

Proof The invariance of v and the density of K allow us to use proposition 
4.3 from [14]. Hence, it will be sufficient to show, that P T u u v — a.e. For 
u(t,x) = ^{t)e^ x ' h ^ we have bvl4~2l 



(P T u){t,x) = cxp \(B*(r)U*(t + T,r)h(t + r))dr 

x $(t + T)exp^i(^h(t + T),U(t + T,t)x + J U(t + T,r)f(r)dr\\ (12) 

Recalling that and U are continuous and that U(t,t) = Id we obtain the 
result, since all the integrals vanish. Note, that by linearity, this extends to 
general u G K. ■ 

Lemma 5.2 Let S(t) be a strongly continuous semigroup with generator G on 
a Banach space B. Let C be a dense subspace of D(G) that is invariant under 
S. Then C is a core. 

Proof see [3] page 47 ■ 

Lemma 5.3 Let assumption ^. S\ hold. Then K is a core for G. 

Proof Looking closely at lfl2|) again, one notes that (P T u)(t, x) is again of the 
form <]/(t)e l ( x ' fe W) with ^ and k as follows: 

*(t) := $(t + r) exp |i ^(t + t), f t t+T U(t + T,r)f(r)dr^} 

x exp |/ t t+r X(B* (r)U* (t + r, r)h{t + r))dr\ 

k(t) := U*(t + T,t)h(t + r) 

Since by assumption 14.131 k : K — > D(A*), K is invariant under P T , since by 
linearity it is sufficient to check the invariance for special u. Furthermore, we 
have again by (fl2| : 



Gu = — P T u 
dr 



= [<5>'{t) + i<f>{t)(x 1 ti(t))]e l( < xMt » 

+ i(x + f(t),A*(t)h(t))${t) e^'M*)) 

+ X[B*{t)h(t)]^(t)e i < x ' h ^ (13) 

Note that we have used the differentiability of A. 

Seeing, that K C D(G) we can apply HT2l to prove the assertion. ■ 
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Remember, that (b, R, M) is the triple of our Levy process (see[2]). Set X = \R. 



Definition 5.4 For u S K we set: 

Lu(t, x) := u t (t, x) + (A(t)x + f(t), V x u{t, x)) 

+ (B{t)b,X7 x u{t,x)) + ^Tr{Y?B*V xx u(t,x)BY,} 

+ / {u(t,x + B(t)y)-u{t,x)-{B(t)y,V x u(t,x)x\\ v \\<i}v(dy) 

JR d 

where u denotes the gradient of u, V xx u denotes the generalized Hessian 
of u and Tr denotes the trace of an operator. 

Note that V IX u is Rilbert- Schmidt, (see e.g. 1.2. 4-) so the trace is well 
defined. 

Lemma 5.5 (realization of G) L = G\k , so that G = L 

Proof Again, we will only check this for special u, since we deal with linear 
operators. Note, for the calculations involved, that for u(t,x) — ^(t)e i ^ B ' h ^ 
we have V x u(t, x) — ih(t)u(t,x) V xx ii{t,x) = —h(t)h* (t)u(t, x) and that 
Tr(Auu* A*) = (Au,Au). Hence the Levy-Khinchine formula yields for A: 

u{t,x) \{B*{t)h{t)) 

= i(B{t)b,h(t)) u(t,x) - -(£* B* (t)h(t),i:* B* (t)h(t)) u(t,x) 
+ u(t, x) f {e i(B'(t)h(t) lV ) _ 1 _ l{B *(t)h(t), y) XM <i}u(dy) 

= (B(t)b,V x u{t,x)) - -Tr(Y,*B*(t)h(t)h*{t)u(t,x)B(t)Y,) 

{$( t y(h{t),x) e i(h(t),B(t)v) _ u _ i(h(t)u, B(t)y)x M <i}v(dy) 

I 

= {B{t)b,V x u{t,x)) + ~Ti{X* B*V xx u(t,x)BE} 



+ / {u(t,x + B(t)y) -u{t,x) - (B(t)y,V x u(t,x)x\\ y \\<i}v(dy) 

That the first two summands in both expressions also coincide is very easy to 
see. ■ 

Lemma 5.6 For all u € D(L) we have 

Lu(t,x)v(dt,dx) =0 (14) 



'[0,T]xK d 

Proof We will prove this for u e K first. As v is P T invariant, let us consider 
the equality: 

/ P T u{t 1 x)v{dt 1 dx) = / u(t,x)v(dt,dx) 

J[0,T]xR d J[0,T]xR d 
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Differentiating both sides with respect to r we obtain the result, if we can show 
that we can interchange integral and differential on the left hand side. We know, 
that for a fixed u £ K t ^ P r u{t,x) is differentiable v— almost everywhere, 
since lim^-,,*, nPiu{t, x) — Lu(t,x) in L\(v) implies pointwise a. e. -convergence 
along a subsequence, that we can choose without loss of generality. Furthermore, 
for a fixed u the derivative in r is given by P T Lu(t, x), but since every P T is a 
contraction with respect to the supremum norm, and every Gu £ K is bounded 
we have a uniform bound for the derivatives. Hence we can apply Lebesgue's 
dominated convergence theorem. 

Since if is a core, for u £ D(G) we can find a sequence u n such that u n — > u in 
Li and Gu n — > Gu in L 2 .. Taking the limit, we obtain the equality for u. ■ 

Exactly as in [7] we obtain the following result on the spectrum of G: 

Corollary 5.7 For any z £ cr(G) and k £ Z we have z + 2^ki £ a(G). More- 
over is a simple eigenvalue of G. 

Proof Analogous to [7] Corollary 5.5 ■ 

6 Asymptotic Behaviour of the Semigroup 

Having obtained a unique invariant measure for the semigroup of the reduced 
equation, we may use ergodic theory to ivestigate the asymptotics of the two- 
parameter semigroup. 

Proposition 6.1 Assume that f : H ^ R is such that 
Jo Ih f 2 { x ) v t(dx)dt < oo Then we have: 

lim - / P tt+S f(x)ds = — / / f(x)v t (dx)dt 

T^OO T J q I J J H 

Proof A simple application of the ergodic theorem. ■ 

Proposition 6.2 Assume that there is x £ H such that for s — ► — oo 
P o (X(t, s, a;)) -1 — > v t weakly. Then we have for f £ Cb(H) : 

lim P Syt f(x) = / f{x)v t (dx) 

Proof By definition of weak convergence. ■ 

6.1 The Square Field Operator and an Estimate 

In the following we will introduce the square field operator. Its importance 
lies in the crucial role, that it will play in the proof of the following functional 
inequalities. 

Definition 6.3 T(u, u) :— Gu 2 — 2uGu will be called the square field operator. 
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Lemma 6.4 (square field operator) On K we have: 

T{u,u) = (E*B*(t)V x ii,'£*B*(t)V x u) + [ [u(x + B(t)y,t) - u{x,t)f M(dy) 

Jh 

Proof Let u be given by u(t,x) = §(t)e l ( x ' h ^ . 

First note, that u 2 (t,x) = $ 2 (i) e i < x ' 2/t W>, so that by (fig]): 

Gu 2 (t, x) = [2$' (t)$(f) + i $ 2 (t)(x, 2/i'(t)>] e*<». ah (*)) (15) 

+ i(A(t)x + f(t),2h(t)) $ 2 (t) e l{x ^ t]) (16) 

+ A[B* [t)2h{t)\ $ 2 (t) e^- 2 ^)) (17) 

2«(t, x)Gu{t, x) = 2[$'(t) + i$(t)(x, h\t))] (e^^^*))) 2 (18) 
+ 2 l (A(t)x + /(i),M^))* 2 W (e^'^) 2 (19) 
+ 2A[5*(t)/i(i)]$ 2 (t) 0<*' fc W>) (20) 

We see immediately, that (jT5j) = ([l8|) and fT6|) = fT9|) . Then a tedious, but simple 
calculation shows, that ([17)1 - (|20"1) has indeed the proclaimed form. 

Note that - since the square field operator is not linear - we have to check 
the equality also for sums of such functions. Another lengthy calculation yields 
the result. ■ 

Assumption 6.5 

(i) For every t, r > : U(t + T, t)RH C ^/~RH and there is a strictly positive 
C\ £ C[0, 00) such that: 

\\U(t,s)Rx\\ Hn < \/Ci{t- s)\\Rx\\ Ho xeH,t>s 

(ii) There is a strictly positive C2 £ C[0,oo) such that: 

M o U(t + t, t)- 1 < C 2 (t)M t > 

that is C2{t)M — M o U(t + r, i) _1 is a positive measure. 

Lemma 6.6 (estimate of the square field operator) If B = Id, we have 
for u £ K: 

^/(D x P T u(t,x),RD x P T u(t,x)) < y/Ci(T) P T (\\VRD x u\\) (t,x) (21) 
/ \P T u(x + y,t)-P T u(x,t)) 2 M(dy) 

JH 

< C 2 (r)P T ^Jju(- + y)-u(-)] 2 M(dy^j (x,t) (22) 

So that combining the two estimates, we have: 

T(P T u,P T u) < m&x(C u C 2 )(T)P T T(u,u) 
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Proof Let be z e H and u(t,x) = <5>{t)e^ x ^\ then: 
(D x P T u(t,x),Rz) = (iU* (t + r,t)h(t + r)P T u{t, x), Rz) 
= j (iU*(t + T,t)h(t + T)u(t + T,x),Rz)PoX(t + T,t,x)- 1 (dy) 

= P T (D x u(t,x),y/R\^R^ 1 U{t,t~ t)Rz) (+) 

< P T \\^/lR)D x u\\\\VR' 1 U(t,t-T)Rz\\ = P T \\y/(R)D x u\\\\U(t,t- t)Rz\\ Ho 

< P T \\^[R)D x u{t,x)\WC 1 {r)\\Rz\\ Ho = P T \\yf{R)D x u{t,x)\\y/Cx{r)\\yfRjs\\ 

Now, for every pair (t, x) choosing z — D x P T u(t, x) we obtain: 

(D x P T u{t,x),RD x P T u(t, x)) 

< y/Gjj) \\^RD x P T u{t,x)\\ P T (\\VRD x u\\) (*.*) 

or 

^(D x P T u(t,x),RD x P T u(t,x)) < VCi(r) P T (\\VRD x u\\) (t,x) (23) 

Note that we have used the special form of u only up to equation (f+J , but by 
linearity of P and D x it is clear that this also holds for sums. So we obtain 1(23)1 
on all of K. 

Setting P := P o X(t + r.t.O) -1 and M := M o U(t + T,t)- % we have for 
general u £ K: (setting f := t + t for brevity) 

/ \P T u(x + y,t)- P T u(x,t)\ 2 M{dy) 

<C 2 (t) J (j \u(U(f,t)x + y + z,T)-u(U(f,t)x + z,T)\ 2 M(dy)^j P(dz) 
=C 2 (t)P t n\u(- + y)-u(-)\ 2 M(dy)^ (x,t) . 

Corollary 6.7 

y/(D x P T u{t,x),D x P T u(t,x)) < \\U{t + T,t)\\P T (\\D x u\\)(t,x) (24) 
Proof Reconsidering the proof above and setting R = Id yields the result. ■ 



22 



F. Knable 



Non- Autonomous Ornstein-Uhlenbeck Equations 



6.2 Functional Inequalities 

Following |17| . we will now prove a Poincare and a Harnack inequality. 
Definition 6.8 

lit ■= / u(t,x)is t (dx) 

JH 

Proposition 6.9 Assume that the Vt have uniformly bounded first moments, 
that is: sup t {J H WxWvtidx)} < oo Then we have for all u 6 K : 



lim sup \P T u(t, x) — u t + T \ = for every fixed x 

Proof We have, since u t+T '■= J H u(t+T,y)v t+T (dy) = P t ,t+Tu{t+T,-)(y)v t {dy) 
by the property of the evolution system : 



\P T u(t,x) ~ U t+T \ = 



P t . t + T u{t + t, -)(x) - P tit+T u(t + t, -)(y)vt(dy) 



H 



x - y\v t {dy) 



< \\D x P tit+T u(t + T,-)\\ oc 

JH 

<Me-^\\D x u(t + T,-)\\oo ! \x-y\v t (dy) T ^? 

JH 



since the integral is bounded by assumption and \\D x u(t, x)\\ — \\h(t)\\ but 
h : K — * H is continuous and periodic, hence bounded. ■ 

Proposition 6.10 (Poincare Inequality) Given assumption \6.5\ 

and B = Id, we have for C(r) := max (J Q T Ci(s)ds, J7 C2(s)ds) : 

P T u 2 - (P T uf < C(t)P t T(u, u) for all r > 0, u e K (25) 
Proof Set /(s) := P T - s (P s u) 2 Then we have by the product rule: 

^-f(s) = -P T - s G(P s u) 2 + P r _ s 2P s iiGP s u 
as 

= -P T - s [G{P s u) 2 - 2P s uGP s u] = -P T _ s T(P s u,P s u) 

Hence, 

-^"/(s) = Pr-sr(P s U,P sU ) 

as 

= P T - S CZ*V x P s u,Z*V x P s u) 

+ P r _ s f [P s u(x + y,t) - P s u(x,t)} 2 M(dy) 

JH 

< C 1 {s)P T _ s P s {T,*V x u, £*V x u) by ((2TJ) 

+ C 2 (s)P T -sP s [ [u{x + y,t)-u(x,t)} 2 M{dy) by (El 

JH 
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Integrating with respect to s and noting that /(0) = P T f 2 and f(t) = {P T f) 2 
we obtain: 



Prf - (Prf) 2 < (J Cl( S )ds) P T (E* V X U, S* X7 x u) 



+ { I C 2 (s)ds\ P T [u(x + y,t)- u(x, t)Y M(dy) 



and the result is proved. 



Corollary 6.11 Let be C as in HuM 

Given that C(oo) < oo we also have for all u G K : 

[u(t, x) — u t ] 2 i>(dt, dx) < C(oo) / T(u,u)u(dt,dx) 

[0,T]xH J[0,T]xH 

Proof Integrating ((25j) with respect to v yields, because of invariance: 



u 2 - (P T u) 2 v(dt,dx) < C(t) / Y{u,u)v(dt,dx) 

[0,T]xH J[0,T]xH 



Letting r — > oo and using [6791 together with dominated convergence we have: 



u 2 — (itt) 2 v(dt,dx) < C(oo) / r(it, u)is(dt, dx) 

[0,T|xff J[0,T]xH 



Since u does not depend on x anymore, we have: 

/ [u(t, x) — u t ] 2 i / (dt 7 dx) = / u 2 (t, x) — 2u(t, x)ut + u 2 v(dt, dx) 

J[0,T]XH J[0,T]xH 

u 2 (t, x) + u t v(dt, dx) — 2 / u t I u(t,x)v t (dx) dt i 

[0,T]xH J[0,T] JH 



For the following Harnack inequality we need a definition: 
Definition 6.12 

p(x,y) := inf{ \\z\\ : VHz = x — y} 

with the usual convention that inf = oo , so p may take the value infinity if 
(x — y) ^ lm\[R. 

CI :— {/ : R x H — > M | /is continuous and bounded 

and T-periodic in the first component} 

Proposition 6.13 (Harnack Inequality) 



|P r u(t,y)| 2 < P T u 2 (i,a;)exp 



p 2 (x,y) 

JO /i(s) a,b 



for all u £ Cj* 



(26) 
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Proof First, let be u £ K such that u is strictly positive. Since 
P T - s (P s u) 2 (t,x) will then also be strictly positive we can define: 

$(*) :=log[P T - s (P s u) 2 (t,x s )] 

(^y — r s l du 

where x s is given by x s := x H fT ° r~ > — Differentiating <I> we obtain: 

Jo h{u) aU 

d ±P T _ s (P s u) 2 (t,x s ) 

T S ® {S) = P T -s(PsU) 2 (t,X s ) (2?) 

and for the numerator: 

d d I dx 

— [P T - s (P s u) 2 (t,x s )} = —[P T - s (P s u) 2 }(t,x s ) + (D x [P T - s (P s u) 2 }{t,x s ),-^- 

= -GP T - s (P s u) 2 (t,x s ) + P T - s [2P s uGP s u](t, X.) 

+ U VT —a (D x [P T - s (P s u) 2 ](t,x s ), (y - x)) 

h ( T ~ s ) Jo W) du 

= -p T _ s r(p s u, p s u) 

+ 77 (D x [P T - s (P s u) 2 ](t,x s ), (y - x)) 

(28) 

We will now estimate (D x [P T _ s (P s u) 2 ](t, x s ), (y — x)Y. 

(D x [P T ^ s (P s u) 2 }{t > x s ) > (y - x)) 

inf (D x [P T _ s {P s u) 2 ]{t,x s ),VRz) (x-t/)eWS 

{z:VBz=x~y} \ ' 



< ^(RD x [P T - s {P s u) 2 }(t,x s ),D x [P T - s (P s u) 2 }(t,x s ))p(x 1 y) Cau.-Schw. 

< p(x, y)y/h(T-s)P T - s (^{RD x (P s u) 2 ,D x {P s u) 2 )) (t, x.) by (2D 

< 2p(x,y)y/h(T - s)P T - s (p s uy/(RD x (P s u),D x (P s u)}^ (t,x s ) chain rule 

(29) 

Combining p7 ]l .p8 ]) and {29]) we obtain: 
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ds 



+ 



$(s) < 



-P T - a T{P s u, P s u) 
P T . s (P s u) 2 (t,x s ) 



h{T-s)j; ^ du Mx,y)V h (r - s)Pt-s (P s u^(RD x (P s u), D x (P s u))) (t,x s ) 



< 



+ 



P T - s (P s u) 2 (t,X s ) 

-P T - a ((RD x (P s u), D x (P s u))) (t, x s ) 
P T - s (P s u) 2 (t,x s ) 

-j= 1 ; 2p(x,y)P T _ s (p s u^(RD x (P s u),D x (P s u))) (t,x s ) 

Pr-s(P s u) 2 (t,X s ) 



P T - s (P s u) 2 (t,x s ) 



x P T _ S {P s uf 



2H 



y/(RD x (P s u),D x (P s u)) (RD x (P s u),D x {P s u)} 



P,u 



(Psuy 



{t, x s ) 



where we have set H := 



for brevity. 



Furthermore, setting G := . 



ds 1 ' ~ P T - s {P s uf(t,x s ) 
1 



< 



p T - s (p s uy{t lXs ) 
i 

Pr-s(PsU) 2 (t,X s ) 

H 2 



P T _ s ((P s u) 2 [-G 2 + 2HG])(t,x s ) 

P T _ S {{P s uf [-G 2 + 2HG -H 2 + H 2 ] ) (t, x.) 

P T -s((Psu) 2 [H 2 ])(t,x s ) 



since H depends neither on x s nor on t. Integration over s yields: 
\og[(P T u) 2 (t,y)} - log[(P T u 2 )(t,a;)] - $(t) - $(0) 

p 2 (x,y) , p 2 (x,y) 



< 



f H 2 (s)ds= f 

JO JQ 



o h(r - s)(/ r hfadu) 



-ds 



Jo hk) du 



p (x,y) 



Hence, applying the exponential yields: (P T u) (t,y) < P T u (t,y) ■& _i 



du 



o h(uj 

and the proof is complete for positive functions. To obtain the result for general 
it, note first, that it is sufficient to have it for since we have: 

\PMt,y)\ 2 < [P T \u\{t,y)] 2 < P T u 2 (t,x)exp [p\x,y){& ^y^)" 1 " 

Of course, we cannot take modulus without leaving K, but as K is an algebra 

we may take the square of our functions. Thus, let be « G C t * and e > 0. Then 
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/ := \/\u\ G C£, Now, by 16.141 we can approximate / pointwisely by functions 
u n from K . Then, u„ + e is strictly positive, it will approach \u\ + e and since 
the approximating functions are uniformly bounded, we can take limits in (f26|l 
and obtain the result via dominated convergence and then letting e — > 0. ■ 

Lemma 6.14 For every / € C t * we can find a sequence u n S K such that: 

• u n — > / pointwisely 

• sup X)tjn \u n (t, x)\ < 1 + sup t 2 , |/(t, x)| 

Proof Let be (efc)fceN a complete orthonormal system in D(A*). Let be 
/„(*, ft) := g n (t, P n h) where P„ : i? — > R" ft ^ ((ft, e x ), . . . , (ft, e n » 

and j n :lxM"^l (i, xi, . . . , x n ) i-> /(t,a?iei H h x„e„) 

Note that each g„ is continuous and bounded and that f n = f on 
R x span{ei, . . . , e n }. Moreover, we have P n — > W strongly and hence /»»—►/ 
pointwisely. 

Now let be 5 : R x R d — > R continuous and bounded. By the theorem 
of Stone- Weierstrass it is clear, that we can approximate g uniformly on any 
bounded set by sums of products of complex exponentials with T-periodic dif- 
ferentiable functions. 

Let us call g( n > such an approximation of g on {||a;||oo < n} up to ~, that is 
we have: supii( t ^ii <„ \g^(t, ft) — g(t, h)\ < i so we have g^ — ► g pointwisely 
for n — > 00 and by periodicity it is clear that we have sup 4 ^ n \g^(t, x)\ < 

Now, applying the above approximation to our functions g n from above, we 
denote: 

u n (t,h) :=fi n) (t,h) :=gW(t,P n h) 

and an easy calculation shows that fn is indeed a function from K. To see 
that f n (t, ft) — * f(t, ft) for each fixed [t, ft) we calculate: 

|/(f, ft) - /<»>(<, ft)| < |/(t, ft) - / n (t, ft)| + ft) - fi n \t, h)\ 

We have already stated that the first tern will tend to 0. For the second term, 
note, that for fixed (t, ft) there is N independent of n such that || (t, -P n ft)||oo < N. 
Thus, we obtain: 

\fn(t,h)-fW(t,h)\ = \gn(t,P n h)-gW{t,P n h)\ 

< sup \g n (t, x) - g^ (t,x)\ < - m 
I|(*,x)|U<jv n 

whenever n is bigger than N. 
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7 Appendix 
Proof of Lemma 14.21 : 

Knowing how the Fourier transform acts on translations, it will be enough to 
show, that: 



E 



exp [i { h, / U(t,r)B(r)dL, 



= exp<^ / X(B*(r)U*(t,r)h)dr 



The strong continuity of U and B allows us to approximate the Levy stochastic 
integral by a sequence of sums. More precisely, we have: 

/ U(t,r)B(r)dL r = P - lim V U(t, Si )B( Si )(L Si - L ) 



where the limit is taken in probability and V n is a sequence of partitions s = sq < 
... < sn = t of [s,t] such that the mesh width tends to zero. The verification is 
a straightforward application of the respective isometries: 

For the drift term which is a Bochner integral we have to show that: 

lim V / \\U(t,s l )B(s l )b-U(t,r)B(r)b\\dr = 

n — too * ^ I 

but since r i— > Ut(r)B(r)b is even uniformly continuous on [s,i] we may find 
S > such that \\U t (r)B(r)b - U t (r')B(r')b\\ < whenever |r - r'\ < 8, so 
that if we choose n such that the mesh width of V n is smaller than S we have 

5^ [' \\U(t, Si )B( Si )b-U(t,r)B(r)b\\dr < ^ f* -^dr < e 

For the small jumps we make use of the isometry from 13.71 so we have to 
show that our piecewise approximation converges in the H 2 norm, that is we 
need: 

lim £ / ( H I Wi U t(.r)B(r) - U t ( Sl )B( St )}Tiek\\ 2 dr\ M(dx) = 

For each k and x fixed the expression in round brackets converges to zero, for 
the same reasons as used for the drift term. So we only have to show that we 
may take the limit into the sum and the integral, but this follows by dominated 
convergence on considering the uniform integrable bound : 

\\[Ut{r)B{r)-Ut( Sl )B{s t )]Tle k \\ 2 <2 sup \\U t {r)\\ c{H) sup \\B{r)\\ c[H) \\TSe k \ 

s<r<t s<r<t 

Thus we have convergence in L 2 of the approximating sums towards the inte- 
gral. 
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The same argument works for the Brownian part, where there is even no depen- 
dence on x. 

The big jumps, finally are quite simple to treat. Since the expression makes 
sense pointwise, we consider the approximation for u fixed and we obtain: 

^ [ u t(si)B{si)-U t (r)B(r)]AL r (Lj) X \\AL r (u,)\\>i = 

again because of strong continuity. 

So in any of the four cases we have at least convergence in probability and 
the claim is proved. 

By convergence in distribution and independence of increments: 



E 



exp (h, U(t, r)B(r)dL, 



lim TT E [exp (i (h, U(t, s k )B(s k )(L Sk - L Sk _ lV0 )))] 

n — >oo 

keV n 

= exp{/ X(B*(r)U*(t,r)h)dr\ 



where we employed the Levy-Khinchine formula and the functional equation 
of the exponential. Note that the Riemannian sums converge to the integral 
because of strong continuity. 

Proof of Lemma 14. 10b 

Let be A the corresponding Levy symbol and M the Levy measure. By the 
Levy-Khinchine formula 12.31 we know that: 



\(u)=i(u,b)-±(u,Au)+ J (e^ -l-i(u,x) X{M <i})M(dx) 

Clearly, it is enough to show that the integral expression is differentiable. We 
first show Gateaux differentiability, hence we will need the directional derivatives 
to be integrable to obtain the result via dominated convergence. We have: 

9_ ^(u+tv,,) _ 1 _ l{u + tVi x) X{ \ M <i } ) = i{v, x)e^ - i(v, x) X{ \\ x \\<i } 
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To see the integrability we split the integral in two parts: 



x\\<l 



i{v,x)e l{u ' x) - i{v,x)x{\\x\\<i} 



^ (i( u ,x)) k 
(v,x) . . i.e. r 



k=0 



< 



MINI 2 Nl£ 



— "uW^Wx"*- 1 



k=l 



k\ 




< sup exp{||it||||x||} / (||u|| |M| 2 ||w||) M(dx) 
= exp{||u||}|H| ||v|| / \\x\\ 2 M(dx) < oo 

J\\x.\\<l 

for every fixed u, v and s since M is a Levy measure. On the other hand, we 
have: 



x\\>l 



i{u,x) 



l{ v ,X)X{\\x\\<l} 



M(dx) < \\v\ 



||x||Af(£te) < oo 



x\\>l 



by assumption. 

Moreover, from the above, it is easy to see that the Gateaux derivative is linear 
and bounded and depends continuously on u with respect to the operator norm, 
so A is Frechet differentiable and hence locally Lipschitz. 

Proof of Proposition 14.171 

Note that by periodicity, we can think of our functions to be defined on [0, T] x H 
and in the following we will do so without changing notation. 
We will show density of M in L%(v; C). This implies density of the respective 
real vector spaces. We will use complex monotone classes again. The space M. 
is closed under multiplication and conjugation. Consider H := M. as a sub- 
space of Ll(p; C) where we allow complex- valued integrable and periodic func- 
tions. H is a complex monotone vector space, by monotone convergence, applied 
separately to real and imaginary parts. So, H contains all a(M) -measurable 
functons. If we can show that a(M) = B(H x M), then we will have all step 
functions in H, so density will be obvious. Note that we want to show, that 
functions of the form <&i (g) eh generate a product c-algebra B([0, T]) ® B(H). 
Since both families contain the constant function, we can break the problem 
down, as (1r®/) _1 (A) =Rx/~ 1 (A) and knowing that $i generates B(R) and 
e/, := e 1 ^'^ generates B(H) (which follows again from 14.51 and the fact that 



D(A*) is dense), we have the result. 
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Proof of Proposition 14.191 

For invariance we have to show: 



/ P T u(t, x)dv = j 

J\0,T]xH J\Q. 



u(t,x)dv Vr > 0, u e K 

'[0,T]xH J[0,T]xH 

Writing u t {x) := u(t,x), remember, that (P T u)(t,x) = (P t>t+T ut +r )(:r). Taking 
into account (JSj) , which is valid, since the elements from K are bounded, we have: 

P T u(t,x)dv = — / / (P t ^ t+T u t+T )(x)v t (dx)dt 

[0,T]xH 1 J[0,T] J H 

i / ( u t+T {x)u t+T (dx)dt = i f ( u t {x)v t {dx) 

1 J[0,T] JH 1 J[t,T+t] Jh 

1 

_ T 



u t {x)vt{dx) = / u(t,x)dv 
[o,t]Jh J[0,T]xH 



because of translation invariance of dt and T-periodicity of u and v t . 

For the contraction property we have to show: ||P r u||i2 < 
Using the Jensen inequality for the expectation and afterwards the invariance 
property for u 2 (recall that K is closed under multiplication): 

\\P T u\\ L 2 = / E[u(t + T,X(t + T,t,x))] 2 i'(dx,dt) 

J[0,T]xH 

< / E[u 2 (t + T 7 X(t + T,t,x))]v(dx,dt) = / (P T u 2 )(t,x)v(dx,dt) 

u 2 (t, x)v(dx, dt) = || xt || ^2 

[Q,T]xH 

To show uniqueness, let [i be another invariant measure for P T , so that we 
have: 

P T u{t 1 x)^{dx 1 dt) = I u(t,x)n(dx,dt) Vr > 0, u 6 L 2 (u) 

>[0,T]xH J[0,T]xH 

(30) 

By |9j : corollary 10.2.8 , we can disintegrate fi as follows: 



u{t,x)n{dt,dx) = / I / u(t, x)fit(dx) \ fii(dt) (31) 
J[o,T] \Jh J 

for the marginal ^i(dt) = fi o Pr~ x where Pr is the Projection on the t- 
component, and {/it}tes. is a family of probability measures on H. Choosing 
u(t,x) = f(t) independent of x in (|30|) we have by (|3T|) : 

f(t + T)fX 1 (dt)= [ f(t)»l(dt) 
[0,T]xH J[0,T]xH 
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Since / is T-periodic, fii is translation invariant (note, that we need here a 
similar monotone class argument as in !4.17|) . So fi\ must be Lebesgue measure. 

To show fi t = Ut, we will of course use the uniqueness property from 14.111 
Choosing u(t,x) = f(t)g{x) and r = T in 1(30]) yields: 

/ /(*)( / Pt,t+T9(x)fit{dx)) fi x {dt)= f f(t) ( [ g(x)fi t (dx) ) fn{dt) 

J[0,T] \JH / J[0,T] \Jh / 

Clearly, if this holds for a fixed, bounded g and arbitrary bounded /, we must 
have 

/ P t:t +Tg(x)fit(dx) = / g{x)fi t {dx) 

J H J H 

Since this holds for any bounded measurable g we can apply 14.111 
to obtain v t = fit V< 6 K. 
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